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Why graphene is so interesting?Atomi struture. Graphene is an one-atom-thik layer ofgraphite paked in the honeyomb lattie �a two-dimensional rystal. Free suspended graphene shows�rippling� of the �at sheet with amplitude of about onenanometer.The ability to sustain huge (> 108A/m2) eletri urrentsmake it a promising andidate for appliations in devies suhas nanosale �eld e�et transistors.Graphene exhibits the highest eletroni quality among allknown materials. It has a high eletron mobility at roomtemperature, µ ∼ 15000m2/V · s. In free suspended graphene
µ ∼ 150000m2/V · s: the quasipartiles in graphene take lessthan 0.1 ps to over the typial distane between soure anddrain eletrods in a transistor.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 3 / 58



Why graphene is so interesting?Easy ontrol of harged arriers.Anomalous quantum Hall e�et: σxy = ±4(n + 1/2) e2h .Thermal properties. The thermal ondutivity
κ ∼ 5 · 103W /m · K is larger that for arbon nanotubes ordiamond.Optial properties. Graphene has high optial transpareny: itabsorbs only πα ≈ 2.3% of white light (α = 1/137 - �nestruture onstant). This an be important for making liquidrystal displays.Mehanial properties. Graphene is the strongest material evertested, sti�ness - 340N/m. Beause of this graphene remainsstable and ondutive at extremely small sales of order severalnanometers.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 4 / 58



Graphene as a benh top QED
the Klein tunneling (Young, Kim, Nature Physis, 2009)zitterbewegung (trembling motion)the Shwinger pair produtionthe Casimir e�etsuperritial atomi ollapse (Wang et al., Siene, 2013)symmetry broken phase with a gap at strong ouplingV.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 5 / 58



Qusipartile zoo
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ReviewsA.C. Neto, F. Guinea and N.M. Peres. Drawing onlusionsfrom graphene. Physis World, 19, 33 (2006).M. Katsnelson, Graphene: arbon in two dimensions. Materialstoday, 10, 20 (2007).A.Geim and K. Novoselov. The rise of graphene. NatureMaterials 6, 183 (2007).V.P. Gusynin, S.G. Sharapov, J.P. Carbotte. AC ondutivityof graphene: from tight-binding model to 2+1-dimensionalquantum eletrodynamis. Int.J.Mod.Phys.B21, 4611-4658(2007).A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S.Novoselov, A. K. Geim. The eletroni properties of graphene.Rev. Mod. Phys. 81, 109 (2009).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 7 / 58



One atomi layer of grapheneIn 2004, the Manhester group (A. Geim, K. Novoselov et al.)obtained graphene by mehanial exfoliation of graphite. They usedohesive tape to repeatedly split graphite rystals into inreasinglythinner piees. This miromehanial "peeling" reated �akes, someof whih were � unexpetedly � just one layer thik. The key for thesuess was the use of a properly hosen substrate, whih provides asmall but notieable optial ontrast.Photographin normal white lightof multilayer graphene �akeK. Novoselov et al.,Siene 306,666 (2004)V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 8 / 58



Allotropes of arbon

Well-known forms of arbon all are derived from graphene.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 9 / 58



Field E�et ExperimentField e�et transistor
Vg > 0 means that we inreasethe number of eletrons withinreasing Vg , while we ontrolholes for Vg < 0. Close tozero Vg , this �lm is aompensated semimetal.

Longitudinal ondutivityas a funtion of gate voltage.
Novoselov et al., Nature 308,197 (2005).
σmin = 4e2

πh −minimal ondutivityV.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 10 / 58



Orbitals of grapheneCarbon has 6 eletrons, 2 are ore eletrons4 are valene eletrons: � one 2s and three 2p orbitalssingle 2s and two 2p orbitals hybridize forming three �σbonds� in the x-y plane
remaining 2pz orbital (�π� orbital) is perpendiular to thex − y plane
only π orbital relevant for energies of interest for transportmeasurements, so keep only this one orbital per site in thetight binding modelV.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 11 / 58



Lattie of graphene
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BGraphene hexagonal lattie anbe desribed in terms of twotriangular sublatties, A and B.
H = t∑n,i ,σ a†n,σbn+δi,σ + h..,t ≈ 3eV , a =

√3aCC = 2.46�A isthe lattie onstant, i = 1, 2, 3,
σ = ±1 is the spin,

δ1 = a(0,√3/3), δ2 = a(12 ,−√36 ), δ3 = a(−12 ,−√36 ).H = t∑k,σ ( a†k,σ b†k,σ )( 0 f (k)f ∗(k) 0 )( ak,σbk,σ ) , f (k) =∑i e ikδδδi .The π bands struture of a single graphene sheet isE (k) = ±t|f (k)| = ±t√1+ 4 os √3kxa2 os kya2 + 4 os2 kya2 .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 12 / 58



Band struture of graphene
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Two bands touh eah other andross the Fermi level in six Kpoints loated at the orners ofthe hexagonal 2D Brillouin zone.
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Hexagonal and rhombi extendedBrillouin zone (BZ). Twonon-equivalent K points in theextended BZ, K− = −K+.P.R. Wallae, PR 71, 622 (1947).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 13 / 58



Low-energy exitations in grapheneThe low-energy exitations at two inequivalentK ,K ′ = (0,±4π/3a) points have a linear dispersionEk = ±~vF |~k | with vF = (
√3/2~)ta ≈ 106m/s.vF plays role of the veloity of light ⇒ vF = /300.Eah K point is desribed by its own spinor:

ψK ,σ =

(

ψKAσ
ψKBσ

)K ,K ′ points are also alled Dira points. The Hamiltonianfor K pointHK = ~vF ∑
σ=±1 ∫ d2k

(2π)2ψ†Kσ

( 0 kx − ikykx + iky 0 )

ψKσ,where the momentum k = (kx , ky) is given in a loal oordinatesystem assoiated with a hosen K point.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 14 / 58



Hamiltonian and Dira equation for K pointThe �rst quantized Hamiltonian (τi - the Pauli matries)ĤK = ~vFτττ k̂ ⇒ −i~vFτττ∇∇∇.Pseudospin diretion is linked toan axis determined by eletronimomentum: for ondution andvalene band eletrons ~τ~p
|~p| = ±1.Solutions of the Dira equation ĤK |k〉 = E |k〉:

|E+, k〉 = e ikr√2( 1kx+iky
|k| )

, |E−, k〉 = e ikr√2( −kx+iky
|k|1 )

,E± = ±~vF |k|.Sattering proess k → k′ due to a potential V (r)
|〈k′|V (r)|k〉|2 = |V (k′ − k)|2 os2(θk′,k/2).Bak sattering (k → −k′, θk′,k = π) is suppressed!V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 15 / 58



Dira equation for K pointThe density of states of gapless graphene
ρ(E ) =∑i di ∫ d2kδ(E − Ei(k)) = 2|E |

π~2v 2F ,where i numbers the energy bands and d their degeneray(di = 2× 2 - spin and Dira points). ρ(E ) → 0 when E → 0.Gapless graphene is semimetal!Spinors at K ,K ′ points an be also ombined in one four-omponentDira spinor
ΨT

σ = (ψKAσ, ψKBσ, ψK ′Bσ, ψK ′Aσ),and 4× 4 γ-matries γν = τ̃3 ⊗ (τ3, iτ2,−iτ1) belonging to areduible representation of Dira algebra.We then have the standard form of the Dira equation
(

γ0∂t − vFγγγ∇∇∇)Ψ = 0.G. Semeno�, PRL 53, 2449 (1984); D. DiVinenzo and E. Mele,PRB 29, 1685 (1984).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 16 / 58



Introduing a gapHK =
∑

σ=±1 ∫ d2k
(2π)2ψ†Kσ

(

∆ ~vF (kx − iky)
~vF (kx + iky) −∆

)

ψKσ.The presene of a gap ∆ 6= 0 hanges the spetrum:E (k) = ±
√

~2v 2Fk2 +∆2.A gap an be indued by interation with substrate.
S.Y. Zhou et al., Nature Mat. 6, 770 (07).

Observation of the gap opening insingle-layer epitaxial graphene on a SiCsubstrate at the K point.(a) Struture of graphene in the real andmomentum spae.(b) ARPES intensity map taken alongthe blak line in the inset of (a).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 17 / 58



Berry phase, Berry urvature and Chern-Pontryagin numbersDira fermions of pseudospin 1/2 in two or three dimensions aredesribed by the HamiltonianH(k) = 3
∑i=1 di(k)τi ,and di(k) are the funtions of two- or three dimensional wavenumber k. The energies are ǫ(k)± = ±|d| and eigenstates are

ψ+(k) = C( d3 + dd1 + id2) , ψ−(k) = C(−d1 + id2d3 + d )

,C =
1

√2d(d + d3) .Berry onnetion:
A±i (k) = i〈ψ±(k)|∇kiψ±(k)〉 = ∓d1∂id2 − d2∂id12d(d + d3) .Berry urvature

Ωi = (∇∇∇k ×A)i = ǫijk∂jAk = 12ǫijkFjk .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 18 / 58



Berry phase, Berry urvature and Chern-Pontryagin numbers
F±ij (k) = ∓ 12d3 ǫαβγdα(k)∂dβ(k)∂ki ∂dγ(k)

∂kj .Berry phase along a losed ontour around the K point :
Φ(Γ) =

∮

Γ

dkA(k).The topologial invariant in two dimensions (the �rstChern-Pontryagin number) is determined by the winding number ofthe vetor d(k) around the origin
ν =

14π ∫ d2kǫijFij(k) = lim
|k|→∞

12π ∮Γ dkA(k).Nie review papers: Xiao et al., Berry phase e�ets on eletroniproperties, Rev. Mod. Phys. 82, 1959 (2010); Hasan&Kane,Topologial insulators, Rev. Mod. Phys. 82, 3045 (2010).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 19 / 58



Berry phase, Berry urvature and Chern-Pontryagin numbersFor gapped graphene d1 = kx , d2 = ky , d3 = ∆, hene
A±i = ∓ǫij kj2k2 (1− ∆√k2 +∆2) ,
F±ij (k) = ∓ǫij ∆2(k2 +∆2)3/2 .Berry phases and Chern-Pontryagin numbers:
Φ± = ∓π

(1− ∆√k2 +∆2) ,
ν± = ∓12 .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 20 / 58



QED form of Lagrangian
L =

∫d2r Ψ̄σ(t, r) [γ0(i~∂t + µ) + vF~ (γ1i∂x + γ2i∂y)− ∆
]

Ψσ(t, r)
− e22κ ∫d2r d2r′ Ψ̄σ(t, r)γ0Ψσ(t, r) 1

|r− r′|Ψ̄σ(t, r′)γ0Ψσ(t, r′),
Ψ̄ = Ψ†γ0. µ is the hemial potential whih an be ontrolled bythe gate voltage Vg : µ ∝ sgn(Vg )√|Vg | ∈ [−3600K, 3600K] whenVg ∈ [−100V, 100V]; µ > 0 � eletrons.
V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 21 / 58



QED form of Lagrangian
L =

∫d2r Ψ̄σ(t, r) [γ0(i~∂t + µ) + vF~ (γ1i∂x + γ2i∂y)− ∆
]

Ψσ(t, r)
− e22κ ∫d2r d2r′ Ψ̄σ(t, r)γ0Ψσ(t, r) 1

|r− r′|Ψ̄σ(t, r′)γ0Ψσ(t, r′),
Ψ̄ = Ψ†γ0. µ is the hemial potential whih an be ontrolled bythe gate voltage Vg : µ ∝ sgn(Vg )√|Vg | ∈ [−3600K, 3600K] whenVg ∈ [−100V, 100V]; µ > 0 � eletrons.
∆ is a possible exitoni gap (Dira mass) generated due toCoulomb interation. Magneti �eld favors gap opening: Magnetiatalysis phenomenonV.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 21 / 58



SymmetryThe Lagrangian L possesses ��avor� U(4) symmetry16 generators read (spin ⊗ valley)
σα2 ⊗ I4, σα2i ⊗ γ3, σα2 ⊗ γ5, and σα2 ⊗ γ3γ5,

γ3 = i τ̃1 ⊗ τ0, γ5 = −i τ̃2 ⊗ τ0, γ3γ5 = τ̃3 ⊗ τ0,
σα = (σ0, σσσ).The inlusion of the Zeeman interation term
µBBΨ̄γ0σ3Ψ breaks U(4) down to U(2)+ ⊗ U(2)−(µB = e~/(2m) - the Bohr magneton).Dira mass ∆Ψ̄Ψ further breaks U(2)s down toU(1)s .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 22 / 58



QED form of LagrangianIn graphene the quasipartiles are loalized on two-dimensional planewhile a gauge �eld responsible for interation propagates in athree-dimensional bulk (braneworld model).S =

∫ d3rdt [−14F 2
µν − A0j0 + 1 ~A~j

+ Ψ̄σ(r , t) (γ0(i~∂t + µ) + i~vFγ i∂i −∆
)

Ψσ(r , t)δ(z)] ,j0 = eΨ̄σ(r , t)γ0Ψσ(r , t)δ(z),ji = evF Ψ̄σ(r , t)γiΨσ(r , t)δ(z).Integration over z-oordinate gives a nonloal interation forquasipartiles in a plane:S =

∫ d2rdt [−14Fab 1√
−∂2Fab + Ψ̄σ(r , t) (γ0(i~∂t − eA0 + µ)

− vF~γ(i~~∂ − e~A/)−∆
)

Ψσ(r , t)] .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 23 / 58



Landau levelsLandau, 1930; Bronstein and Frenkel, 1930 - Shrodinger equation:E (n, kz) = p2z2m + ~ω (n + 12)In nonrelativisti ase the distane between LL oinides with theylotron energy, ~ω = e~Bme ∼ 1.35K · B[Tesla].For Dira equation (Rabi, 1928):E (n, kz) = ±
√

~|eB|(n + 12 ± 12)+ 2p2z +m24For two-dimensional relativisti-like system (gapless graphene),En = ±
√2n~v 2F |eB|/, n = 0, 1, . . . .the energy sale, haraterizing the distane between Landau levels,is ~ωL = vF√~2eB ∼ 424K ·

√B[Tesla] for vF ≈ 106m/s!QHE e�et is observed in graphene at room temperature!V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 24 / 58



Dira equation in a magneti �eldThe Dira equation has a blok diagonalized form
( E −∆ −~vF (Dx − iDy )
~vF (Dx + iDy ) E +∆

)(

ψKA
ψKB ) = 0,

( E +∆ −~vF (Dx − iDy )
~vF (Dx + iDy) E −∆

)(

ψK ′B
ψK ′A ) = 0.Covariant derivative Di = ∂i + (ie/~)Ai, Ai = (−By , 0)- Landau gauge for the vetor potential.SpetrumEn = ±Mn = ±

√

∆2 + 2n|eB |~v 2F/, n = 0, 1, 2, . . . ,but the degeneray of the levels n = 0 and n ≥ 1 isdi�erent!V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 25 / 58



Solution for the upper blok � K point
ψ
(+)nk =

exp (ikx)√2πl 1√2Mn [ √Mn +∆wn−1(ξ)i√Mn −∆wn(ξ) ] , n ≥ 1,
ψ
(−)0k =

exp (ikx)√2πl [ 0w0(ξ) ] , n = 0, E0 = −∆

ψ
(−)nk =

exp (ikx)√2πl 1√2Mn [ √Mn −∆wn−1(ξ)
−i√Mn +∆wn(ξ) ] , n ≥ 1l =√~/|eB | is the magneti length. Asymmetry in thespetrum!wn(ξ) = (π1/22nn!)−1/2 e−ξ2/2Hn(ξ), ξ = y/l − kl .Hn(ξ) are the Hermite polynomials.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 26 / 58



Solution for the lower blok - K ′ point
ψ
(+)0k =

exp (ikx)√2πl [ 0w0(ξ) ] , n = 0, E0 = ∆

ψ
(+)nk =

exp (ikx)√2πl 1√2Mn [ −i√Mn −∆wn−1(ξ)√Mn +∆wn(ξ) ]

, n ≥ 1,
ψ
(−)nk =

exp (ikx)√2πl 1√2Mn [ i√Mn +∆wn−1(ξ)√Mn −∆wn(ξ) ]

, n ≥ 1The spinors ψ(+) and ψ(−) desribe solutions withpositive and negative energy, respetively. The energies donot depend of k - �at bands! The n = 0 Landau level isspeial: En = ±
√

∆2 + 2nv 2F~|eB |/ ⇒ E0 = ±∆ � itdoes not depend of a magneti �eld and its degeneray ishalf of the degeneray of LL with n ≥ 1.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 27 / 58



Dira Landau levelsB = 0 andzero gap, ∆ = 0
K K'
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2 �c() Landau levels En.Notie that for Kpoint E0 = −∆ andfor K ′ point E0 = ∆.Then the degenerayof n = 0 level is halfof the degeneray ofLL with n 6= 0.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 28 / 58



Osillations of density of statesDOS is the sum over LL (En =√2n|eB |~v 2F/:
ρ(E ) = − 1

π
Imtr 1E + i0− H =

2eB
π~×

[

δ(E ) + ∞
∑n=1 (δ(E − En) + δ(E + En))]⇒ ρ(E ) = 2|E |

π~2v 2F , forB 0
-5 0 5

0
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E

Ρ

In presene of sattering onimpurities the levels arebroadened(δ(E ) → Γ/π(E 2 + Γ2), theDOS is osillating. Note that
ρ(E = 0) 6= 0!V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 29 / 58



Manifestation of Berry's PhaseOsillating part of ondutivity (Shubnikov de Haas e�et)
σxx ∝ ∞

∑k=1 os [2πk (BfB +
12 + β

)]RT (k)RD(k), Bf = ~ned ,where d is the LL degeneray and β is Berry's phase. For β = 0 weget lassial Lifshits-Kosevih formula in the ase of the parabolispetrum E (p) = p2/2m.En = e~Bme (n + 12) ;

β = 0. }

⇐ Dira ⇒

{ En = vF√

~2neB ;

β = −1/2.Dingle and temperature amplitude fators:RD(k, µ) = exp(−2πk |µ|Γv2F e~B) , RT (k, µ) = 2π2kT|µ|/(v2F e~B)sinh 2π2kT|µ|v2F ~eBdepend on hemial potential µ (n = µ2
πv2F ~2 sgnµ)- there is adependene on arrier onentration n!V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 30 / 58



Osillating ondutivity - experiment

K.S. Novoselov, et al., Nature438, 197 (2005)
a) Dependene of BF on arrier onentration nb) Landau fan diagrams used to �nd BF . N isthe number assoiated with di�erent minima ofosillations. The urves extrapolate to di�erentorigins: to N = 1/2 (in one layer) and 0 (twoand more layers).) The behavior of SdHO amplitude as afuntion of T for two di�erent arrieronentrations.d) Cylotron mass m(∼ Fermi energy |µ| forDira quasipartiles! ) of eletrons and holes asa funtion of their onentration.m = |µ|/v 2F =

√

π~2|n|/v 2F The e�etivearrier mass = 0, beause E (k) = ±~vF |k|.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 31 / 58



Quantum Hall E�et
Classial Hall e�et (Edwin Hall, 1879) is the prodution of avoltage di�erene (the Hall voltage) aross an eletrial ondutor,transverse to an eletri urrent in the ondutor and to an appliedmagneti �eld perpendiular to the urrent: jx = σxyEy , σxy = −neB .

ρxx = σxx
σ2xx + σ2xy , ρxy = − σxy

σ2xx + σ2xy .Quantum Hall e�et (Klaus von Klitzing, 1980):1.σxx = 0,2.σxy = −neB ⇒ −e2h ν, ν =

[nheB ] = 0, 1, . . . .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 32 / 58



Hall ondutivity in grapheneThe Hall (transverse) ondutivity) alulated by means of the Kuboformula (Gusynin et al., PRL, 2005):
σxy =e2h sgn(eB) [tanh µ+∆2T + tanh µ−∆2T

+ 2 ∞
∑n=1 (tanh µ+

√

∆2 + 2|eB|n2T + tanh µ−
√

∆2 + 2|eB|n2T )]When ∆ = 0 and T → 0 we obtain
σxy =

2e2h sgn(eB)sgnµ[1+ 2 ∞
∑n=1 θ (|µ| −√2|eB|n)]

=
2e2h sgn(eB)sgnµ(1+ 2 [ µ22~|eB|v 2F ]) .

[x ] denotes the integer part of x .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 33 / 58



Hall e�et in graphene
Experiment: Novoselov, Geim etal., Nature 438, 197 (2005).Kim, Stormer, et al., Nature 438,201 (2005). Hall ondutivity
σxy and longitudinal resistivity ρxxof graphene as a funtion of theironentration at B =14T.

Theory:Hall ondutivity
σxy = e2ν/h,
ν = 4(n + 1/2) = ±2,±6,±10, . . .� �lling fator, n = 0,±1,±2, · · · .Fator 4 desribes the degenerayof Landau levels: 4 = spin×valleys. Observation of IQHE is theultimate proof of the existene ofDira quasipartiles in graphene.Standard of resistane fromgraphene:R = h/e2 = 25812.807957(18)Om.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 34 / 58



Hydrogen atom in the Dira theoryEnj = m2 [1+ (Zα)2
(n−|κ|+

√
κ2−(Zα)2)2]−1/2

, κ = ∓(j + 1/2)n = 1, 2, 3, . . . ⇒ energy of the lowest disrete level 1S1/2,E1 = m2√1− (Zα)2Dependene of energylevels with j = 1/2 on
ζ = Z/137.
What happens forZ > 137?

Pomeranhuk and Smorodinsky (1945)Taking into aount �nite size of nulei.
Disrete levels exist for 137 < Z < 170.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 35 / 58



Gapped graphene in the Coulomb potential
[−~vF (iσ1∂x + iσ2∂y ) + σ3∆+ V (r)] Ψ(r) = EΨ(r),V (r) = −Ze2

κr θ(r − R)− Ze2
κR θ(R − r),where κ is a dieletri onstant of a substrate. The wave funtion

Ψ =
1r ( e iφ(j−1/2) a(r)i e iφ(j+1/2) b(r) ) , j = ±1/2,±3/2, · · · ,[j is full angular momentum℄ and we obtain the system of equationsa′−(j+12)ar +E +∆− V (r)

~vF b = 0, b′+(j−12)br −E −∆− V (r)
~vF a = 0.The Dira equation is solved in terms of the Whittaker funtionsWµ,ν(ρ).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 36 / 58



Coulomb enter: bound statesThe spetrum for pure Coulomb potential V (r) = −Ze2/κr(Balmer-like formula):Enj = ∆

[1+ Z 2α2
(
√j2 − (Zα)2 + n)2]−1/2

,

{ n = 0, 1, 2, 3, ..., j > 0,n = 1, 2, 3, ..., j < 0,where α = e2/κ~vF - "�ne struture onstant" in graphene, for
κ = 1 we have α ≈ 2.2. The lowest energy levelE0,j=1/2 = ∆

√1− (2Zα)2.For Zα > 1/2 the energy beomes imaginary, i.e., the fall into theenter phenomenon ours (similar to the Dira equation in 3+ 1dimensions).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 37 / 58



Superritial Coulomb enter: resonant statesFor �nite size R of the Coulomb enter disrete levels exist forZα > 1/2:
The energy levels inthe regularizedCoulomb potential.Gamayun et al., PRB 80, 165429(2009).

The lowest energylevel E0,1/2 dives intoontinuum forZα > Zα:Zα ≃ 12+ π2log2(R∆)
, R∆ ≪ 1.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 38 / 58



Gapless grapheneZα < 1/2 − no disrete or resonant states,Zα > 1/2 − we �nd quasidisrete levels with imaginary energy:E (0)n = − (0.18+ 0.17i)R−1 exp[− πn
√Z 2α2 − 1/4] , n = 1, 2, . . . .The resonant states with E (0)n desribe the spontaneousemission of positively harged holes when eletron boundstates dive into the lower ontinuum. The �nite gap(mass) results in dereasing the width of resonane,En = E (0)n −∆+

∆2
|E (0)n |

(0.24+ 0.20i) ,and, therefore, inreases stability of the system.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 39 / 58



Arti�ial atoms on graphene
V.W. Brar, et al., Nature Phys. 7, 43 (11).
Y. Wang, et al., Sienexpress, 7 Marh 2013.

Spatial distribution of atomiollapse state around an arti�ialnuleus at the energy of thesuperritial quasibound stateresonane. Arti�ial atoms aremade on gated graphene deviesof Ca.dI/dV ∼ ρ(E , r) map near a�ve�Ca dimer luster.
ρ(E , r) = 4∑nj δγ(E − Enj)|ψnj(r)|2,

δγ(E ) = γ/π(E 2 + γ2).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 40 / 58



Resonanes in arti�ial nulei on graphene: atomi ollapse
Spetra dI/dV ∼ ρ(E = eV , r) at di�erent distanes from theenter of Ca dimer lusters (i.e., arti�ial nulei) as funtions of asimple bias V (meV). For free massless Dira fermions ρ(E ) = 2|E |

π(~vF )2Experiment: Y. Wang, et al., Siene 340, 734 (2013).
V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 41 / 58



Dira equation with two equally harged impurities in gapped grapheneH = vFτp +∆τz + V (r),V (r) = −Ze2
κ

( 1r1 +
1r2) ,r1,2 = |r± R/2| measure distanes from Coulomb impurities to theeletron. Charges of impurities are subritial, whereas their totalharge exeeds a ritial one. The ritial distane Rr in the systemof two harged enters is de�ned as that at whih the eletronbound state with the lowest energy reahes the boundary of thelower ontinuum E = −∆ (ζ = 2Zα/κ, γ =

√4ζ2 − 1).Approximate analytial solution:Rr = v 2F
∆ζ

exp[−2
γ

(ot−1 1− 2√1− ζ2
γ

− argΓ(1+ iγ))] .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 42 / 58



Dira equation with two equally harged impurities in gapped grapheneThe width of the quasistationary state lose to theboundary of the lower ontinuum:
Γ ∝ exp[−2π(β̃√ RRr − R −

√

ζ2 − 1/4)] ,
β̃ =

√8ζ2 + 724 , R . Rr,whih tends to zero when R → Rr.Sobol et al., Phys. Rev. B88, 205116 (2013).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 43 / 58



Charged impurity in a magneti �eld
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Left: Loal density of states at the impurity position (r = 0) as afuntion of oupling ζ and energy E in the magneti �eld B = 10 T.Blak labels indiate the Landau level numbers n and orbitalquantum numbers m. Antirossing for levels n = 0,m = 0 andn = −1,m = 0.Right: The radial funtions of the eletron density of the m = 0state for the Landau levels n = 0,−1,−2 and the impurity harge
ζ = 1.4.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 44 / 58



Sreening of harged impurity in a magneti �eldPoisson equation for the sreened potential:
√

−∇2dV (x) = −2πZe2
κ

δ(x)− 2πe2
κ

∫ d2yΠ(x− y;µ,B, γ)V (y).V (x) = −Ze2
κ

∞
∫0 dq qJ0(q|x|)q + 2πe2

κ
Π(q;µ,B, γ) .
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Tuning the sreening of harged impurity in a magneti �eld

Theory: The loal density of states plotted at four values of gatevoltage and B = 10T - Sobol et al., Phys. Rev. B 94 (2016).The strength of the impurity depends on the oupation ofLandau-levels whih an be ontrolled by a gate voltage.Experiment: Luian-Mayer et al., PRL 112 (2014).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 46 / 58



Simpli�ed BCS model
L = iψ†

α

∂

∂tψα + ψ†
α

( △2m + EF)ψα +
g2ψ†

αψ
†
βψβψα,

α, β =↑, ↓ -spin, EF - the Fermi energy. U(1) symmetry: ψ → e iθψ.BCS gap equation for the order parameter ∆ = 〈ψ↑ψ↓〉:
∆ = g ∫ d3p2(2π)3 ∆

√

(p2/2m − EF )2 +∆2 , |E − EF | ≤ ωD/2,EF = p2F/2m. Nontrivial solution ∆ 6= 0 exists at any small ouplingg and �nite EF :
∆ = ωD exp(− 2gρF ) , ρ(E ) = m√2mE

π2 − DOS.
ρF - DOS at the Fermi surfae. U(1) symmetry is spontaneouslybroken. EF = 0, the solution ∆ 6= 0 exists atg > g = 2π2/m3/2ω1/2D !V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 47 / 58



Dynamial mass generation - Nambu-Jona-Lasinio modelLagrangian of the NJL model (Phys. Rev. 122, 345 (1961))
L = Ψ̄iγµ∂µΨ+

G2 [(Ψ̄Ψ)2 + (Ψ̄iγ5Ψ)2]is invariant under ordinary and hiral gauge transformations
Ψ → e iαΨ, Ψ → e iαγ5Ψ, =⇒
∂µ(ψ̄γ

µψ) = 0, ∂µ(ψ̄γ
µγ5ψ) = 0.Chiral symmetry forbids mass generation in perturbation theory. Theself-onsistent Hartree-Fok equation for the fermion propagatorG (p) = [γµpµ −m]−1,

= +

−1 −1leads to the equation for dynamial mass (Λ is a uto�):V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 48 / 58



Dynamial mass generation � NJL model1g ≡ 4π2GΛ2 = 1− m2
Λ2 ln(1+ Λ2m2) .It has a nontrivial solution for m if the oupling G > G = 4π2/Λ2and the vauum hosts a non-vanishing hiral ondensate 〈Ψ̄Ψ〉 6= 0.Chiral symmetry is spontaneously broken.DoS ρ(E ) ∼ E 2 for massless partiles vanishes at E = 0 - the reasonfor G .Under an external magneti �eld the gap is generated at anyoupling onstant - magneti atalysis:m ≃

√

|eB| exp(− 12ρ0G ) , ρ0 = 1V dNdE ∣∣E=0 = |eB|4π2 −density of states at the lowest Landau level (ompare with asuperonduting gap).The lowest Landau level with nonzero ρ0 plays the role of the Fermisurfae.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 49 / 58



Mass generation in QED
∆ = ωD exp (−2/gνF ),Bardeen-Cooper-Shrie�er (1957) ωD - Debye frequeny,g - eletron-phonon ouplingonstant, νF - DOS on the Fermisurfae.SD equation for the fermion propagatorS−1(p) = A(p2)p̂ − B(p2),B(0) ≡ m.For the dynamial mass funtion B(p2) in the ladder approximation,one gets the nonlinear equation (70th-80th:Maskawa, Nakajima,Fukuda, Kugo, Kiev group, Filippov, Arbuzov, Atkinson)B(p2) = 3α4π ∫ Λ20 dk2B(k2)k2 + B2(k2) (θ(p2 − k2)p2 +

θ(k2 − p2)k2 )

V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 50 / 58



Mass generation in QEDThe linearized equation (with B2(k2) in the denominator replaed bym2) redues to the Shrodinger-like equation in on�guration spae:
(

−�− 3α/πr 2 )

Ψ(r) = −m2Ψ(r), Ψ(r) = ∫ d4k
(2π)4 e ikrB(k2)k2 +m2 ,with a singular potential ∼ 1/r 2. Near the ritial oupling:m ≃ Λ exp(− onst√

α− α) , α ∼ 1.The solution ombines features of a superonduting gap(non-analytial dependene on a oupling onstant) and of the NJLgap (ritial oupling).Experimental searh for strong oupling phase of QED:GSI-Darmstadt in 80th (R.Peei, Nature, 332, 492 (1988)).V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 51 / 58



Gap generation in grapheneThe gap equation in the random phase approximation has the form:
∆(p) = λ

∫ Λ0 dqq∆(q)K(p, q)
√q2 + (∆(q)/vF )2 , λ =

α2(1+ πα/2) ,where α = e2/(~vF ) ≈ 2.19 is the ��ne struture onstant� forgraphene, vF ≈ 106m/s. The kernel
K(p, q) = 2

π

1p + qK (2√pqp + q) ,and K(x) is full ellipti integral of �rst kind. The nontrivial solutionexists if the oupling λ > 1/4 (α > 1.62):
∆(p = 0) ≃ ΛvF exp(− π

√

λ− 1/4) .The strong-oupling limit of graphene is an insulator.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 52 / 58



Gap generation in grapheneIn the random phase approximation with stati vauumpolarization we �nd αrit = 1.62 is the quantum ritialpoint of metal-insulator phase transition: Gamayun et al.,PRB, 2010. When the dependene on the frequeny isinludedD(ω,q) = 1
|q|+ Π(ω,q) ,Π(ω,q) = πe22κ q2

√

~2v 2Fq2 − ω2 ,the quantum ritial point is αrit = 0.92. Monte-Carlosimulations give: αrit = 1.11 -Drut and Son, PRB, 2008, Drutabd Lahde, PRB, 2009, Hands and Strouthos, PRB, 2008.No phase transition in real graphene: e�etive oupling
α = e2/~vF (q) < αrit .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 53 / 58



Magneti atalysis in graphene
=
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=SD equation at �nite B .LLL approximation for the fermion propagatorS(ω) = [A(ω)γ0ω −∆(ω)]−1, U(k) - Coulomb interation,S−1(ω) = S−10 (ω)− ie2 ∫ dω2π γ0S(ω)γ0 ∫ d2k
(2π)2 exp(− k22eBU(k))The solution for the gap ∆ ∼ αg√eB exists at any small αg

(= e2/~vFκ)! [Gorbar, et al., PRB, 2002.℄V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 54 / 58



Low-bukled Dira materials
Siliene: vertial distanebetween sublatties2d ≈ 0.46�A.Lattie onstant a = 3.87�A.2D sheets of Ge, Sn, P and Pbatoms (the materialsgermanene, stanene andphosphorene).

Strong intrinsi spin-orbit interationin ontrast to grapheneHSO = i ∆SO3√3 ∑〈〈i ,j〉〉
σσ′

†iσ(ννν ij · σσσ)σσ′jσ′with ∆SO ∼ 10meV, νzij = ±1.
Perpendiular to the plane eletri�eld Ez opens the tunable gap
∆z = Ezd .Interplay of two gaps: ∆SO and ∆z .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 55 / 58



Low-energy Hamiltonian for Siliene
Hξ = σ0 ⊗ [~vF (ξkxτ1 + kyτ2) + ∆zτ3 − µτ0]− ξ∆SOσ3 ⊗ τ3,

τττ and σσσ � sublattie and spin; k is measured from the Kξ points.
∆SO is due to the spin-orbit interation. There is a spin σ = ±, andvalley ξ = ± dependent gap ∆ξσ = ∆z − ξσ∆SO. When ∆ξσ = 0 weome bak to graphene.Time-reversal (TR) symmetry is unbroken.The band gap ∆ as a funtionof the eletri �eld Ez . Thegap is open for Ez 6= ±E ,where siliene is an insulator.It is a topologial insulator for

|Ez | < E (with edge states)and a band insulator for
|Ez | > E .V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 56 / 58



Bilayer grapheneH = − 12m ∫ d2xΨ+Vs(x)( 0 (π†)2
π2 0 )

ΨVs(x) + Zeeman
+and Coulomb interations, external eletri �eld E⊥For n-layer graphene ǫ(p) ∼ |p|n, DOS(ǫ) ∼ ǫ(2−n)/n,rs = EC/EF ∼ ρ(1−n)/2, Stati polarization Π(p) ∼ p2−n.U(ω, q) = 2πe2

κ (q + (8πe2/κ)Π(ω, q)) ,
Π(ω, q) ≃ m ln 42π√1+ (4 ln 4mω/πq2)2Sine for bilayer graphene, n = 2, DOS=onst, the gap is generatedat weak oupling (Nandkishore&Levitov, PRL, 2010):

∆ ≃ (16me4/κ2~2) exp (−12π2/13) ≈ 2.6
κ2 meV.V.P. Gusynin (BITP, Kiev) Graphene and Quantum Eletrodynamis in 2 + 1 Dimensions Kiev 57 / 58
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